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Abstract 
In many industrial process units for dispersed liquid-liquid and gas-liquid flows, understanding of the fluid particle breakup and 
coalescence phenomena are important for optimal process operation. These phenomena do not only dominate the fluid particle 
size distributions, but also directly affect the mass, momentum and heat transfer through the renewal surface and thus the contact 
area. This work focuses on the coalescence process between two fluid particles; in particular the coalescence (film drainage) time 
which appears in some closures used to close the coalescence terms of the population balance equation (PBE). The coalescence 
time of different drop-drop and liquid-liquid systems were investigated experimentally by micromanipulator technique. Further, 
the derivation of the coalescence time model used in the popular coalescence closure by Prince and Blanch [1] has been analyzed. 
The results show significant deviation between the model prediction and experimental data of coalescence time.  
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1. Introduction 
In many industrial processes it is important to resolve the physics of dispersed flows such as bubbly flows and 
emulsions. For such systems, the fluid particle size distribution plays an important role in the phase structure and 
interphase forces, which, in turn, determine the multiphase hydrodynamic behaviors, including the spatial profiles of 
the dispersed phase fraction, phase velocities and mixing, and mass-transfer behaviors. Thus, fluid particle growth,  
coalescence and breakage phenomena are important for optimal operation of many multiphase industrial process 
units. 
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Nomenclature 
A Hamaker constant 
BD death of particles due to breakage 
BB birth of particles due to breakage 
CD death of particles due to coalescence 
CB birth of particles due to coalescence 
c volume integral of the coalescence frequency 
c concentration of surfactant species, Eq. (23) 
D fluid particle diameter 
fn number density function 
h film thickness 
h0 initial liquid film thickness 
hf critical liquid film thickness in which film rupture occurs 
k  constant 
p pressure 
r position vector 
rij equivalent radius 
ri radius of fluid particle i 
rp fluid particle radius 
R radius of film disk 
Rg gas constant 
t time 
T temperature 
vr velocity in physical space 
vD velocity in property space  
ț swept volume rate 
Ȝ coalescence efficiency 
Ĳcoa coalescence time 
Ĳcon contact time 
Ĳdrain drainage time 
Ĳrap film rupture time 
Ĳ stress tensor 
ȝ dynamic viscosity  
ı interfacial tension 
ȡ liquid density 
Ȟ number of ions formed upon dissociation 
rșz cylindrical coordinates 
 
The dispersed phase size distribution, and thus the contact area, can be predicted using the PBE [2-6]. 
Mathematically, the PBE is classified as an integro-differential equation. In addition to the independent time and 
physical space variables, the PBE also holds a property space describing the dispersed phase entities. The PBE can 
be written as  
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Here, r is the space coordinate, D is the fluid particle diameter (internal/property coordinate), t is the time, vr is the 
velocity in physical space, and vD is the growth velocity. The terms on the LHS of Eq. (1) represent death and birth 
of fluid particles due to breakup and coalescence events. In the present study, the focus is placed on the coalescence 
process. The death and birth of fluid particles due to coalescence are given as, respectively 
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Here, c denotes the coalescence function. 
The coalescence event consists of four stages. Firstly, the external flow governs whether the fluid particles 
collide, the force of the collision and the contact time. The initial step is followed by coalescence itself in three steps: 
1. Two fluid particles contact each other within the liquid phase. Upon impact, there is a flattening of the 
fluid particle surfaces in contact, leaving a thin liquid film separating them. 
2. The film drains. Coalescence will only occur if the two fluid particles are in contact for longer time than 
is required for the film to thin to the critical thickness. 
3. Once the film is sufficiently thin, an instability mechanism will result in film rupture and formation of a 
coalesced fluid particle. 
Adopting the concept of kinetic gas theory, the coalescence function c in Eqs. (2) and (3) can be modeled as the 
product between the swept voluPHUDWHț and the coalescence efficiency, or probability, Ȝ 
 
c NO                                   (4) 
 
This work focuses on the coalescence efficiency. Not all collisions lead to coalescence; it is therefore necessary to 
define the fraction of fluid particle collisions that results in coalescence. In the film drainage model; for the fluid 
particles to coalescence, it is required that the drainage time proceeds the fluid particle contact time. In this 
framework the expression for the coalescence efficiency is given as  
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HHUHĲcoal GHQRWHVWKHFRDOHVFHQFHWLPHDQGĲcon denotes the contact time between the coalescing fluid particles. The 
time taken for the liquid film to rupture Ĳrap is in general considered negligible compared to the film drainage time, 
LHĲrap « Ĳdrain. In the present work, we focus on the liquid film drainage time. A common closure applied for c [Eqs. 
(2)-(3)] in population balance modeling of bubbly flows, as well as liquid-liquid systems, is the model suggested by 
Prince and Blanch [1], where the drainage time between two fluid particles i and j is given as 
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Here ȡGHQRWHVWKHOLTXLGGHQVLW\ıLVWKHLQWHUIDFLDOWHQVLRQ h0 denotes the initial film thickness, and hf represents 
the critical film thickness where rupture occurs. The equivalent fluid particle radius rij in Eq. (6) is defined as 
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Further details on coalescence modeling in the PBE framework are given by, e.g., Solsvik and Jakobsen [6]. 
The coalescence models are still on an empirical level and the mechanisms are not fully understood. This 
motivates experimental and theoretical analysis of the coalescence phenomena. The first objective of this work is to 
experimentally measure the drainage time for gas-liquid and liquid-liquid systems. The second objective is to 
compare the experimental data with the model prediction [i.e. Eq. (6)].  
The paper is organized as follows. Section 2 outlines the derivation of the film thinning model by Prince and 
Blanch [1,7] and Oolman and Blanch [8], i.e. Eq. (6). The experimental technique is described in section 3. 
Experimental data and model results are presented and discussed in section 4. Conclusions are given in section 5. 
2. Film thinning model 
The drainage time model by Prince and Blanch [1,7] and Oolman and Blanch [8] is outlined in the following. A 
sketch of a thinning film is presented in Fig. 1.  
The radial component of the equation of motion in cylindrical geometry is given as 
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Eq. (8) can be rewritten into Eq. (10) by use of the equation of continuity (9). 
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The derivation continuous with the introduction of the following assumptions: (i) symmetry: vș DQGș , (ii) 
flat velocity profile vr/z=0, and (iii) incompressible Newtonian fluid. With these assumptions the equation of 
continuity (9) simplifies to 
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$GRSWLQJ WKH1HZWRQ¶V ODZ RIYLVFRVLW\ WKH Ĳrr DQG Ĳșș components of the viscous stress tensor Ĳ are written as, 
respectively [9] 
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It follows that Eq. (10) can be written as 
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For mobile interfaces, the liquid phase velocity is given as [10,11] 
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Figure 1: Geometry of a thinning film [8]. 
d
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In Eq. (15), h denotes the liquid film thickness. The three first viscous terms of Eq. (10), corresponding to the 
second term on RHS of Eq. (14), vanish when substituting for vr defined by Eq. (15) because the velocity profile is 
flat due to mobile interfaces. The remaining terms of Eq. (14) are integrated with respect to z over the film. The 
result is 
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In Eq. (16), the following definitions are used 
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Due to the flat velocity profile created by mobile interfaces the following relation is valid: 
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The second term on the RHS of Eq. (16) can be given as [12] 
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Hence, it follows that Eq. (16) can be written as 
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The expression for the radial velocity (15) is substituted into Eq. (20) and the expression is integrated over the radial 
dimension of the film R. These operations results in 
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It is noticed that a different result was obtained by Prince and Blanch [7, Eq. (6)]: 
38   Jannike Solsvik et al. /  Energy Procedia  64 ( 2015 )  33 – 42 
22 2 2
2 2
d 5 d 2
2 d 8 d
R h R h p
h t h t h
U U V'§ ·   ' ¨ ¸© ¹
                     (22) 
An expression for ǻı is given as [7,13] 
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where 
 
edge center| |V V V'                    (24) 
 
In Eq. (23), c is the concentration of surfactant species, Rg denotes the gas constant, T represents the temperature, 
DQGȞLVWKHQXPEHURILRQVIRUPHGupon dissociation. The pressure differential is given as [8]  
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Here, A is the Hamaker constant. Hence, based on Eq. (21) the expression for the thinning of the liquid film between 
fluid particles of equal size yields 
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The expression for the thinning of the liquid film between fluid particles of equal size as presented by Prince and 
Blanch [1, Eq. (17)] is given as 
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A factor (1/3)1/2 differs between Eqs. (26) and (27). ,W LV DOVR QRWLFHG WKDW Ȟ (the number of ions formed upon 
dissociation) was neglected by Oolman and Blanch [8] and not included in Eq. (17) in the paper by Prince and 
Blanch [1]. 
Prince and Blanch [1] neglect the Hamaker force term and surface tension gradient effects (Marangoni effects) 
of Eqs. (26) and (27) to obtain the simplified expression for the film thinning: 
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where k is a constant. The equation for the drainage time (6) can be found by integration of Eq. (28). The result is 
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In Eq. (29), R is set equal to the fluid particle radius rp. For k equal to 16 (corresponds to Eq. (27)), Eq. (29) 
coincides with Eq. (6).  
3. Experimental 
The measurement of coalescence time was performed using a bubble-bubble/drop-drop micromanipulator. The 
micromanipulator instrument consists essentially of two sensors, with each sensor being a capillary-pressure 
tensiometer (Fig. 2). Details of the experimental set-up and methodology are further described by Eftekhardadkhah 
and Oye [14]. The experimental set-up applied by Eftekhardadkhah and Oye [14] is motivated by the work by Won 
et al. [15]. 
 
 
 
Figure 2: Schematic representation of the micromanipulator [14]. 
 
 
Figure 3: Differential pressure and distance between fluid particles as function of time (left) and situations at the tip of two capillary tips (right). 
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The type of raw data obtained with the micromanipulator is shown in Fig. 3 (left) for coalescing air bubbles in a 
silicone oil of viscous grade of 104 cP and 1 wt% surfactant (Tween20). The time dependent differential pressure 
across the bubble interfaces (black and red lines) are shown along with the distance between the bubbles (blue line). 
At point B, the gap between the bubbles reaches zero. Here, the bubbles are separated only by a thin liquid film. The 
drop in the differential pressure, point C, corresponds to rupture of the liquid film and coalescence of the bubbles. 
The coalescence time corresponds to the time taken between zero-gap to rupture of the liquid film. The bubble-
bubble approach was controlled manually and kept as similar as possible during the experiments.  
 
4. Results and discussion 
The experimental data of bubble-bubble and drop-drop drainage times are presented in Tables 1 and 2, 
respectively. Of the seven cases studied, three systems of bubble-bubble interactions did not result in coalescence: 
bubble-bubble interaction in (i) distilled water, (ii) NaCl in tap water, and (iii) pentanol in tap water. Of the six 
systems considered for drop-drop interaction, one case did not result in coalescence: toluene drops in distilled water. 
The remaining bubble-bubble and drop-drop systems coalesced in the time range of 1.9 – 92.1 seconds.  
Oolman and Blanch [8] did use a different experimental set-up than in the present study for measuring the 
drainage time: pairs of fluid particles were grown simultaneously on adjacent orifices in a cell and the rate at which 
the fluid particles were grown was controlled by a syringe pump (Fig. 4). For air bubbles in water, Oolman and 
Blanch [8] experimentally measured the drainage time to 5ms. This result differs significantly from the drainage 
time measurements of air bubbles in distilled and tap water given in Tab. 1. Model prediction (Eq. (29)) of the 
drainage time is given in Tab. 3 for some typical parameter values.  Good agreement is achieved between 
experimental data of Oolman and Blanch [8] and model prediction (case 2 in Tab. 3). On the other hand, poor 
agreement is achieved between the experimental data in Tables 1 and 2 and model prediction by Eq. (29). 
 
Table 1: Drainage time between two air bubbles in different continuous liquid phases. 
Continuous  
phase 
Drainage 
time [s] 
Standard  
deviation [s] 
Comment 
Distilled water No coalescence  -  
Tap water 62.3 21.5  
NaCl in tap water 3.5 1.5 0.01 mol/L 
Solid particles in tap water No coalescence  - 0.1 wt%, Aerosil 200 silica particles, 12 nm 
Viscous liquid with surfactant 2.7 0.1 Silicone oil, 104 cP, Tween 20, 1wt% 
Viscous liquid  3.2 0.1 Silicone oil, 104 cP 
Pentaol in tap water No coalescence  - 0.1 mol/L 
 
Table 2: Drop-drop drainage times. 
Dispersed 
phase 
Continuous  
phase 
Drainage  
time [s] 
Standard  
deviation [s] 
Comment 
Toluene Distilled water No coalescence  -  
Toluene Tap water 10.5 3.6  
Toluene NaCl in tap water 1.9 0.3 0.01 mol/L NaCL solution 
Silicone oil Tap water 16.4 7.9 Oil viscosity 104 cP 
1-octanol Tap water 5.1 0.7  
n-dodecane Tap water 92.1 25.7  
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Table 3: Model predictions of the drainage time by Eq. (29). 
Case h0 
 [m] 
hf  
[m] 
ı 
[mN/m] 
ȡl  
[kg/m3] 
rij  
[mm] 
k  
[-] 
Ĳdrain  
[ms] 
Comment 
1 10-4 10-8 72 1000 0.1125 16 0.32  
2 10-3 - - - 0.3 - 1.76 Oolman and Blanch [8] 
3 - - 30 800 0.1125 - 0.01  
4 10-3 10-9 - - 0.1125 - 0.02  
  
 
 
Figure 4: Experimental apparatus by Oolman and Blanch [8]. 
The poor agreement between the experimental measurements of the present work and the model prediction may 
be explained due to poor resolution of the manual adjustments of particle surface position and velocity when 
bringing the two fluid particles into contact. The resolution of the instrument determination of the film thickness is 
also limited and associated with large errors. If accurate contact is not achieved between the fluid particle surfaces, 
the outcome of the particle interaction might be an overestimated drainage time or the particle interaction process 
might not result in coalescence. It seems the measuring technique is designed for measuring long film drainage 
times, anticipating that the accuracy of the initial part of the film drainage is not of significant importance. For 
relatively short film drainage times, this technique is thus not providing sufficient accuracy. The approach of the 
fluid particles achieving contact between the two fluid particle surfaces must be improved and made automatically 
and controlled by high resolution optics. Future work is planned in order to improve the accuracy of the 
measurements technique.  
 
5. Conclusion 
In the present study, liquid film drainage times of different bubble-bubble and drop-drop systems have been 
experimentally measured by micromanipulator technique. The drainage times measured are considered to be long. 
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The experimental measurements and the model predictions by the Prince and Blanch [1] closure do not agree; 
the model predictions are in the size of milliseconds whereas the experimental measurements are in the size of 
seconds.  The experimental technique may be better suited for measuring systems of long film drainage times. 
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